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When I was asked to prepare a public address  to the 
Universi ty for this solemn occasion, I t hough t  imme-  
diately of the topic that I in tend to deal wi th  today. 
After all, in such a speech one usually discusses an 
issue in one 's  o w n  discipline. However ,  pure ly  math-  
emat ica l  top ics  are no t  su i t ed  for  a gene ra l  aud i -  
e n c e - t h e  discipl ine of mathemat ics  is virtually un-  
affected by  da i ly  life and  the conce rns  of the edu-  
cated public. This is easily borne out  just  by  a look at 
a u d i e n c e s .  In c o n t r a s t  to o t h e r  spec i a l t i e s ,  it is 
s e ldom- -and  then  only  in the early semes te r s - - tha t  a 
mere  a d m i r e r - - i n  this  case a n o n m a t h e m a t i c i a n - -  
strays into a mathemat ical  lecture. Neve r  before have I 
addressed an audience  like this, at least not  in my  
capacity as a mathemat ic ian .  This is w h y  I propose  to 
speak not about  mathemat ics  itself, bu t  about  and for 
ma thema t i c i ans .  I shall t ry  to b r i n g  the  w o r k i n g  
mathemat ic ian  somewha t  closer to you.  However ,  this 
cannot  be done by  giving examples of mathemat ic ians  
who  were also excellent poets,  painters ,  architects, 
lawyers ,  s t a t e smen ,  ph i losopher s ,  or  theo log ians .  
Rather, I must  b r ing  before you  the characteristics of a 
mathemat ic ian  w h e n  he works in his field. 

Very frequent ly ,  the layman is ignorant  of the most  
characteristic qual i ty  of the creative ma thema t i c i an - -  
his great product ivi ty .  In fact, the layman often thinks 
that mathemat ics  is by  now a closed science, and gives 
little though t  to the or igin of the d isc ip l ine  he is 
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familiar  wi th  from school. It is very  likely that there is 
just  one  theorem that he associates wi th  a part icular  
scholar, namely  the so-called theorem of Pythagoras.  It 
is possible that he knows the jocular saying that  since 
Py thagoras '  t ime the oxen  low w h e n e v e r  s o m e o n e  
makes  a great discovery,  for Pythagoras  so rejoiced at 
his discovery that he offered a hecatomb.  Of course,  
the offer ing of a hundred  animals  is just a legend,  bu t  
it is reasonable  to assume that,  out  of grat i tude to the 
gods,  Pythagoras  sacrificed oxen. And we th ink that  it 
is a just if ied belief that on ly  divine inspira t ion can 
give mathematical  discoveries.  That  is wh y  Eratos- 
thenes  and Perseus, in the m a n n e r  of winners  in an 
Olympic  competi t ion,  made  vot ive offerings out  of joy 
at a t t a i n i n g  t h e i r  goals ,  t h e i r  m a t h e m a t i c a l  con-  
s t ruc t ions - -Era tos thenes  wi th  a historically signifi-  
cant p o em that has come d o w n  to us and is greatly 
pr ized  by  philologists. 

Unfor tunately ,  the repor ts  on ancient  mathemat i -  
cians are full of gaps. We have bet ter  knowledge  of 
personal i t ies  only in the per iod  after the middle  of the 
16th century.  That is w h y  the more recent t imes are 
more  fruitful for our  purposes .  A beautiful  example of 
a consciously  exper ienced produc t ive  mo men t  is the 
d iscovery  of analytic geomet ry  by  Ren6 Descartes on  
N o v e m b e r  10, 1619. Descartes tells us that one win te r  
dur ing  the Thir ty Years' War  he was billetted in a 
small town (near Ulm) in great  loneliness and cold, " in  
the f i replace",  as he puts  it. Then  an i l luminat ion  
came u p o n  him that led h im wi th  as tounding  speed  to 
a mult ipl ici ty of geometric derivat ions.  Beyond that,  
the m e t h o d  he discovered that  even ing  became one  of 
the most  powerful  impulses  for the deve lopment  of all 
of m o d e r n  mathematics.  

At this point  we shall go, for a moment ,  somewha t  
deeper  and emphas ize  a trait  that  is characteristic at 
least for mathematical  ou tput .  Descartes himself  be- 
l ieved that, through an i l luminat ion,  he had discov- 
e r ed  a n e w  science---"cum mirabilis scientiae fun- 
damenta reperirem". But this was hardly the case. His 
great cont r ibut ion  was not  the discovery of a com- 
pletely new idea- - tha t  of the un i ty  of algebra and ge- 
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ometry.  It is even  incorrect  to say that he realized the 
existing idea in a m a n n e r  more  daring than his pred- 
ecessors. What  is t rue is that the i l lumination came to 
a man  of surpassing algebraic talent that  enabled  him 
to solve the most  difficult particular p roblems  and, 
more  important ly,  to a th inker  e n d o w e d  wi th  incom- 
parable shaping power ,  who  presented  and applied 
the idea - - se ized  in a v i s ion - -wi th  admirable  sharp- 
ness,  clarity, and terseness,  wi th  almost  rhetorical  
brilliance. The historical significance of his contr ibu-  
t ion lies, above all, in formulation.  It was this that 
p roduced  such fruitful effects on his con t empora r i e s - -  
w h o ,  no t  s u r p r i s i n g l y ,  had  for the  m o s t  pa r t  the  
impress ion  of someth ing  ent irely new.  

We find similar occurrences th roughou t  the history 
of mathematics.  The origin of ideas is of ten unclear, 
the roots reaching far back into t ime cannot  be un- 
ravelled. But the form is always the p roper ty  of one 
person,  that which  is truly individual ,  which  happens  
bu t  once. And so, in my  opinion,  w h e n  evaluat ing a 
cont r ibut ion  we should not  attach decisive importance 
to priori ty.  The usually provisional  f ind ing  that an 
idea first tu rned  up  in the work of one  or another  
person is seldom very  significant. Trains of thought  
der ived  from economic  l i fe-- for  example,  decisions 
concerning patent  c la ims--are  not  applicable to the 
historical invest igat ion of scientific deve lopment .  On 
the other  hand,  the most  beautiful  c rown of laurels 
should,  of course, go to the man who  first lifts an idea 
out  of its dark early stage to the br ight  clear light and 
p resen t s  it c o m p l e t e l y - - e v e n  if u n f a v o u r a b l e  cir- 
cumstances deny  h im cont inued  direct and fruitful in- 
fluence. 

Here it should be borne  in mind  that a natural  ten- 
dency tempts  each of us into making exaggerated his- 
torical evaluations.  Yet these are somehow misplaced. 
For the historian,  the pures t  joy is to relish the con- 
templat ion of the ups and downs  of the development ,  
of the connect ions,  of the breaks and t ransi t ions,  to try 
to see the divine spark in each of the creators and to 
relive their  p roduc t ive  moments .  

Priori ty arguments  were very f requent  in the espe- 



cially p roduc t ive  cen t u r i e s - - t he  16th and  17th. In the 
middle  of the 16th cen tury  the Italian ma thema t i c i ans  
conducted  bi t ter  feuds  over  whose  mer i t  was  greatest  
in the rous ing  of a lgebra f rom its v i r tual ly  unin ter -  
rup ted  t h o u s a n d - y e a r  sleep. What  was  invo lved  was,  
in the first place, the magni f icen t  d i scovery  that  cubic 
equa t ions  can be  solved b y  the ext rac t ion of roots. 
This d iscovery w a s  the first great  s tep fo rward  b e y o n d  
the resul ts  a c h i e v e d  b y  the  m a t h e m a t i c i a n s  of  an-  

Very frequently, the layman is ignorant of the 
most characteristic quality of the creative 
mathematician-his great productivity. 

t iquity.  Thus  its h i s to ry  is impor tan t ;  bu t  unfor tu-  
na te ly  this  h i s t o r y  is s u b m e r g e d  in i m p e n e t r a b l e  
darkness .  We k n o w  that  the first d iscoverer ,  Scipione 
del Ferro, d ied  as professor  in Bologna in 1526. Since 
he pub l i shed  no th ing ,  we  are ent irely ignoran t  of how 
he hit upon  his solut ion.  Knowledge  of such  a solut ion 
r eached  Tar tag l ia  in a r o u n d a b o u t  w a y ;  Tar tagl ia ,  
however ,  c la imed to have d i scovered  it on  his own.  
He  c o m m u n i c a t e d  it to Cardano w h o  p u b l i s h e d  i t - -  
against  Tar tagl ia 's  w i l l - - in  his f amous  a lgebra  book  
Ars magna w i t h o u t  hav ing  unde r s tood  its der ivat ion.  

Geron imo  Cardano ,  who  d ied  in 1576 at the age of 
75, was  a typical  m a n  of the Renaissance.  In v iew of 
our  present  t o p i c - - t h e  creative p o w e r  of the ma the -  
m a t i c i a n - - C a r d a n o  is of  specia l  i n t e r e s t  to us. H i s  
p r o d u c t i v i t y  w a s  u n b e l i e v a b l y  e x t e n s i v e .  N i n e t y  
years  after his death ,  ten large folios of his  work  ap- 
peared,  and  the pub l i she r  assured  readers  that  this 

The usually provisional finding that an idea 
first turned up in the work of one or another 
person is seldom very significant. 

was only half of  w h a t  Cardano  had  wri t ten .  There is 
no area b e t w e e n  heaven  and  earth that  he left un-  
t rea ted .  He  w r o t e  a b o u t  all the n a t u r a l  sc iences ,  
medic ine ,  as t rology,  theology,  p h i l o s o p h y  and his-  
tory. His  a u t o b i o g r a p h y - - w h i c h  Goe the  c o m p a r e d  to 
Benvenuto  C e l l i n i ' s - - h a s  great  charm.  In it he de- 
scribes wi th  t ouch ing  i ngenuous nes s  a life afflicted 
wi th  manifo ld  mis for tunes .  At t imes  we  are s t rongly 
r eminded  of R o u s s e a u ' s  Confessions. Goethe  wri tes  at 
length about  Cardano  in his h is tory  of the science of 
c o l o r - - a b o u t  his  talent ,  his pass ion ,  h is  wi ld  and  
confused  state tha t  a lways  comes  to the fore, and  con- 
cludes wi th  these  words :  

Finally, we note that Cardano treated the sciences in a 
more naive manner .  He always considers them in con- 
nection with himself, his personality, and his life. And so 

his works speak to us with a naturalness and liveliness 
that attract, inspire, and refresh us, and set us into action. 
He is not a professor in his gown lecturing us ex cathedra 
but a man who goes this way and that, listens, is amazed, 
is seized by joy and pain, and forces upon us a passionate 
account of it all. If we rank him as superior among the 
renewers of the sciences, then he reached this distinguished 
position in equal measure through his character and his 
efforts. 

Ca rdano  has p robab ly  h a d  a greater  effect on  ma th -  
emat ics  than  on the o ther  sciences,  thanks  to the Ars 
magna, w h i c h  was  r e p u b l i s h e d  severa l  t imes .  H i s  
character  shows  itself t h r o u g h o u t  the b o o k - - i n  the 
e x u b e r a n c e  w i th  wh ich  he cons t ruc t s  h u n d r e d s  of  
types  of equa t ions  he can handle ,  in flashes of genius ,  
such as the first t enuous  connec t ions  be tween  a lgebra  
a n d  the  t h e o r y  of e n t i r e  r a t i o n a l  f u n c t i o n s  a n d ,  
b l e n d e d  wi th  this,  in such confus ion  and  nonsen se  as 

For the historian, the purest joy is to relish the 
contemplation of the ups and downs of the 
development, of the connections, of the breaks 
and transitions, to try to see the divine spark 
in each of the creators and to relive their 
productive moments. 

we should  hardly  expect to f ind in the work  of even  
the  med ioc r i t i e s  a m o n g  h is  m a t h e m a t i c a l  c o n t e m -  
porar ies .  Cardano  was  br i l l iant  but  not  d iscerning,  
p roduc t ive  bu t  lacking cons t ruc t ive  power .  He  had  an 
a s t o u n d i n g  need  to express  himself .  For example ,  he 
p u b l i s h e d  a thick vo lume  on his ut ter ly unsuccessful  
a t t emp t s  to treat a part icular ly difficult class of cubic  
equa t ions .  His  feuds  wi th  Tartaglia  were  fough t  out  
b y  his s tudent  Ludovico Ferrari ,  who  found  the solu- 
t ion of quart ic  equat ions  bu t  who ,  s t rangely en o u g h ,  
like Scipione  del Ferro, p u b l i s h e d  no th ing  a b o u t  his 
d iscovery.  

Later  pr ior i ty  a r g u m e n t s  of ten  invo lved  na t iona l  
jealousy.  Thus  in the midd le  of the 17th cen tury  the 
French  m a t h e m a t i c i a n s  w r a n g l e d  w i th  the I ta l ians  
w h o m  they  b e g r u d g e d  cer ta in  beau t i fu l  g e o m e t r i c  
d iscover ies ;  and var ious  French schools fough t  one  

I believe that in the 17th and 18th centuries 
there was hardly an educated layman who 
had doubts about the fertility of mathematics. 

another .  Then  there is the f amous  d ispute  over  the 
au tho r sh ip  of the inf in i tes imal  calculus that  r aged  at 
the end  of the 17th century  b e t w e e n  the fol lowers of 
N e w t o n  and  Leibniz ,  b e t w e e n  England and  the Euro-  
p e a n  cont inent .  It is ha rd  to bel ieve  that  as a resul t  of 
this fight,  the English s p u r n e d  Le ibn iz ' s  ex t remely  
effective m e t h o d  of c o m p u t a t i o n  and for 150 years  al- 
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most completely w i thd rew  from the ranks of produc-  
tive mathematic ians .  

The Marqu i s  de L 'Hosp i t a l ,  a u t h o r  of the first  
textbook on the differential  calculus (1696), was a par- 
ticularly congenial  representa t ive  of the cont inental  
school.  In the i n t roduc t i on ,  he e x p r e s s e d  his en- 
t hus i a sm for the new  disc ip l ine  in the fo l lowing  
beaut iful  passage. 

Ordinary analysis treats only the finite magnitudes, but 
the new analysis advances to the infinite itself. We could 
even say that it extends beyond the infinite, for it discovers 
the relationship of (infinitesimal) differences of infinitesimal 
differences, as well as the differences of third and fourth 
order, and so on, without ever reaching a limit that would 
block its progress, and in this way encompasses not only the 
infinite, but the infinite of the infinite, or an infinity of 
infinite things. 

I believe that in the 17th and 18th centur ies  there 
was hardly an educa ted  layman who had doubts  about  
the fertility of mathematics .  But even  today  we wit- 
ness the natural  pleasure of p roduc ing  that  mathe-  
mat ics  af fords  p r ec i s e ly  to the n o n - p r o f e s s i o n a l .  
Young and old, s tudents ,  and especially adults l iving 
in relative isolat ion---country c lergymen,  small- town 
teachers,  fo res t e r s - -busy  themselves  wi th  famous an- 
cient problems,  such as the trisection of an angle, the 
quadra ture  of a circle, the myster ious  proper t ies  of 
whole  numbers .  The latter are p robab ly  the oldest  
p layground of mathematics .  Here a few results were 

Gauss tells us that all his life he exploited the 
ideas of his youth. 

found  in the dis tant  past, and here, to this very  day, 
the mos t  a c c o m p l i s h e d  m a t h e m a t i c i a n s  ba t t le  to 
achieve progress in problems that are as easy to state 
as they are difficult to master.  

Of course the creative power  of the mathemat ic ian  
is not  always restr icted to his discipline. We saw this 
in Cardano's  case. In some cases- - for  example,  Bern- 
ha r d  R i e m a n n - - i t  t akes  the  fo rm of m e t a p h y s i c a l  
speculations; in o ther  cases it spurs revolu t ionary  ac- 
t ivi ty.  Thus  Evar is te  Galois,  the a s t o u n d i n g  19th- 
century mathemat ical  genius,  who conque red  a new 
realm of knowledge  at 21 and then d ied  in a r idiculous 
duel, was very  active in the "July revo lu t ion"  and the 
subsequent  dis turbances .  Moreover  the early matur-  
ing of genius is characteristic of mathemat ic ians  and 
connected wi th  thei r  product ivi ty .  Pascal in the 17th, 
Clairaut in the 18th, and Abel in the 19th centur ies  are 
particularly we l l -known examples. Gauss tells us that 
all his life he exploi ted the ideas of his youth .  

A n o t h e r  p r o p e r t y  of the m a t h e m a t i c i a n  that  is 
familiar to most  laymen is the rigor he insists on in his 
arguments.  To be sure, extreme rigor has not  always 
characterized mathemat ics .  In the preclassical per iod 

of Greek  mathemat ics  specula t ion  must  have been  
qui te  reckless; and wh en  Greek mathemat ics  declined,  
its r igor gradually disappeared.  And w h e n - - b e t w e e n  
the end  of the 16th and the beg inn ing  of the 17th 
cen tu r i e s - -mathemat ics  f lour i shed  once more,  it was 
the very  lack of rigor that  fur thered  its deve lopment .  
Ignor ing the canon of the great Greeks,  the discoverers  
su rged  ahead.  (Natural ly,  some of the d iscover ies  
were  false!) Eventually,  the in tensi f ica t ion of r igor  
began.  At first it was restr icted to a few isolated spots,  
bu t  it came very  much  to the fore in the 19th century ,  
and is not  yet concluded today.  

The Greeks owe the r igorous deve lopment  of thei r  
science to a discovery which ,  so to say, obl iged to be 
r igorous.  They discovered the existence of irrational 
ratios of segments;  they real ized that the side and  
diagonal  of a square have no c o m m o n  measure ,  that  
is, there  is no segment  of which  these two lengths are 
whole  multiples.  In other  words ,  they found  ratios of 
lengths that  could not be expressed  by co mmon  frac- 
tions. Thus  their  earlier carefree practice---calculating 
wi th  ratios of segments  as wi th  ord inary  f rac t ions- -  
was an unconscious  walk along the edge of a pre- 
cipice.  W h y  shou ld  the rules  for c o m p u t i n g  w i t h  
whole  number s  or fractions that  admit  of simple direct  
der iva t ion  hold for irrational, " inexpress ib le"  ratios? 
That  3"4 = 4"3 and, more  generally, m . n  = n ' m ,  is 
easy to perceive by  looking at a table of four rows of 
three points  each, and so on. From this it is easy  to 
derive the result that the p roduc t  of fractions does not  
depend  on the order  of the factors. But w h y  should this 
hold for products  of irrational ratios of segments  that  
cannot  be ob ta ined  by the process of subdiv is ion  of a 
whole  n u m b e r  into equal  parts? To overcome this  
g rea t  d i f f i cu l ty  the  Greek s  e r e c t e d  a r e m a r k a b l e  
structure,  conta ined in the fifth book of Euclid's Ele- 
ments, a structure whose  stabil i ty we cannot  fault to 
this ve ry  day. The founda t ion  stone of this s t ruc tu re - -  
as well as any other  r igorous theory  that proposes  to 
ha rmonize  ari thmetic and geometr ic  p h e n o m e n a - - i s  
the fol lowing theorem,  which  we state in Archimedes '  
f o r m u l a t i o n :  G i v e n  two d i f f e r e n t  m a g n i t u d e s ,  or,  
more  specifically, segments ,  one  can mul t ip ly  the i r  
difference so many  t imes that  it becomes  greater than  
any third given magn i tude  or segment.  The Greeks,  
mos t  expl ic i t ly  A r c h i m e d e s ,  clearly r ecogn ized  the 
impor tance  and un iqueness  of this basic theorem (also 
referred to as the exhaus t ion  pr inc ip le) - - i t  does not  
der ive directly from intui t ion,  and its t ranscendenta l  
character  becomes obvious  u p o n  closer e x a m i n a t i o n - -  
and they  took great pains to use it in their  syllogisms. 
They  realized that w i thou t  it they  could not  der ive 
their  most  beaut iful  results, such as the ph i losopher  
Democr i tus '  insight  that the vo lume of a py ramid  is 
one third of the volume of a paral lelepiped wi th  the 
same base and height ,  or Arch imedes '  sp lendid  dis- 
covery that the surface area of a sphere  is four t imes 
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the area of its equatorial cross section. And so they 
included this basic theorem in their canon. 

Almost all of the great d iscoverers  of the 17th 
century--in particular, Kepler, Cavalieri and Leibniz-- 
argued naively, much as the Greek mathematicians 
had argued before the fall, that is, before they had 
plucked the fateful fruit from the tree of knowledge 
and tasted it. In the 18th century no one respected 
Greek rigor. The new race of titans found the rigorous 
rules of the ancients  too particular and inhibit ing.  
One might say that productivity defeated strict pro- 
priety. For modern mathematicians, the existence of 
irrational numbers  was not an intense personal ex- 
perience. They knew them from their elementary ed- 

Almost all of the great discoverers of the 17th 
century-in particular, Kepler, Cavalieri and 
Leibniz-argued naively, much as the Greek 
mathematicians had argued before the fall, 
that is, before they had plucked the fateful 
fruit from the tree of knowledge and tasted it. 

ucation, and so this knowledge could not bring them 
to soul-searching. It was only at the end of the 18th 
century that progress in the theory of functions re- 
vealed more complicated phenomena that demonstrated 
the consequences of recklessness. Thanks to a number 
of mathematicians, Greek rigor gradually became re- 
spectable again, especially in connection with attempts 
to provide an independent  logical basis for a part of 
geometry that blossomed anew, namely,  projective 
geometry. And so it happened that in the first devel- 
opm en t  of pro jec t ive  geomet ry  by the still l iving 
Giessen mathematician Pasch, (a development rigor- 
ous by today's standards), we find once more the old 
Greek basic theorem of exhaust ion appl ied to seg- 

While we must admit that mathematics has 
not always met reasonable standards of rigor, 
we must also concede that the layman is en- 
tirely right when he thinks that mathematical 
knowledge is more securely based than all 
other knowledge. 

ments.  In some respects ,  Pasch's d e v e l o p m e n t  of 
geometry--as far as it goes--is  more rigorous than the 
development of the corresponding parts of geometry 
by the ancients, for Pasch decided to spell out all the 
intuitive assumptions. To some extent, his system of 
axioms is complete ,  whereas  the Greeks used the 
intuitively obvious freely and without acknowledge- 
ment, and only spelled out ideas at the boundary of 

the i n tu i t i ve ly  given.  Expe r i ence  wi th  i r ra t iona l  
number  taught the Greeks that in mathematics one 
must not rely uncritically on one's feelings, that it is 
dangerous to generalize formally, for connections in 
the more general and non-intui t ive take us back to 
relations in the intuitive and the particular. The false 
method of merely formal generalization has been used 
repeatedly through the centuries. We come across it 
even today in decisive places in many textbooks. 

While we must admit that mathematics has not al- 
ways met reasonable standards of rigor, we must also 
concede that the layman is entirely right when he 
thinks that mathematical knowledge is more securely 
based than all other knowledge. By and large, results 
remain true regardless of whether  they were deduced 
two thousand years ago or yesterday. Only isolated 
general assertions, especially those in the most ad- 
vanced or abstract parts of mathematics, or listings of 
all possible cases of a certain phenomenon,  must  
sometimes be revised. The more particular the result, 
the smaller the likelihood that it is false, or that its 
incorrectness will not be immediate ly  discovered. 
Most results are so involved in the general web of 
theorems, they can be reached in so many ways, that 
their incorrectness is simply unthinkable. This is the 
characteristic difference between mathematics and all 
systems of knowledge that arose before it, or even all 
compilations of knowledge that do not derive directly 
from Greek thought. 

Most mathematicians find is especially dif- 
ficult to come to terms with the thought- 
constructions of the philosophers. 

This singular feature of his discipline must,  of 
course, influence the character of the mathematician. 
If he is to be successful in his work the mathemati- 
cian must be extremely scrupulous. Some carry over 
the lessons learned in their discipline to other areas. 
They  demand  absolute ce r ta in ty  in other  areas of 
knowledge and tend to look down upon them if they 
do not find it. This attitude is quite common among 
those who have just begun to devote themselves to 
mathematical work. Most mathematicians find it es- 
pecially difficult to come to terms with the thought- 
constructions of the philosophers.  The structure of 
knowledge in these two disciplines is so different that 
the mathematician arrives quickly at the conclusion 
that the philosopher works exclusively with magic in- 
cantations, while the philosopher thinks the mathe- 
mat ic ian superficial  and simplist ic.  Other  mathe-  
maticians use their acquired dialectical ski l l - - their  
experience in the construction of mutually exclusive 
ca tegor ies - - to  regard as possible completely para- 
doxical solutions of problems in other sciences or in 
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da i ly  life. In the  la t te r  case t h e y  fail  to grasp  the 
di f ferent ly-or iented logic of things social, of  the life of 
men  with one another .  

For example,  invo lvement  wi th  mathemat ics  was 
dangerous for Descartes,  and possibly for his effect 
upon  phi losophy.  His successes in geomet ry  made 
him somewhat  p resumptuous .  He had the justified 
feeling that he had  achieved someth ing  truly great by  
means  of his pene t ra t ing  reason. Blinded by  this, he 
bel ieved that he could comprehend  the whole  world 
by  means  of pure  reason, that he could,  so to say, 
explain it mathematical ly.  Descartes '  delusions may 

Mathematics is the only instructional mate- 
rial that can be presented in an entirely un- 
dogmatic way. 

well have had an unfor tunate  effect on the views of 
subsequent  phi losophers .  

There is no  doub t  that mathemat ics  exerts a strong 
influence on anyone  who  occupies h imsel f  wi th  i t - -  
that it shapes his character  in a un ique  way.  Mathe- 
matics is the only instructional  material  that can be 
presented  in an ent i re ly  undogmat ic  way.  That  is w h y  
instruct ion in mathemat ics  has played a p rominen t  
role in inst i tut ions of h igher  learning since antiquity.  
Taught  properly,  mathemat ics  enables  the s tudent  to 
think clearly and independen t ly  w i th in  the limits of 
his apti tude. He can certainly take complete  responsi-  
bility for his mathemat ical  work. 

Goethe once said that mathemat ic ians  have no con- 
science. He p robab ly  meant  that they  need  no con- 
science, for they  bui ld  on a solid founda t ion  and can- 
not  possibly be  led into temptat ion.  But he overesti-  
mates mathemat ic ians  or mathematics .  Very recently, 
we have again seen that we too can s tumble.  The taste 
for generalization,  for ever more comprehens ive  con- 
cepts, of which  we spoke above,  has made  us con- 
struct things that  are very  far r emoved  from common  
intui t ion,  such as the general concepts  of set theory  set 

Taught properly, mathematics enables the 
student to think clearly and independently 
within the limits of his aptitude. 

up by  Cantor a round  1880. It t u rned  out  that,  while  it 
is possible to ob ta in  beaut i fu l  results  in this new 
realm of pure  thought ,  these cons t ruc t ions  lead to 
con t rad ic t ions- - the  so-called paradoxes  of set theory 
to which  much  at tent ion is also be ing  paid  in the 
philosophical  l i terature. Much as in old Greece after 
the discovery of the irrationals, or at the beg inn ing  of 
the 19th century  after the re f inement  of the infinitesi-  

mal calculus, there has arisen a critical movement .  I 
shall try to descr ibe- - i f  only schemat ica l ly- - the  re- 
sults ob ta ined  so far by  this criticism. 

In  t h e  last  t h i r d  o f  the  p a s t  c e n t u r y  it  was  
t h o u g h t - - l a r g e l y  on the basis  of the ex t raord inary  
achievements of the Berlin mathematician Weiertrass--  
tha t  analysis  had been  g iven  an i n d e p e n d e n t  and 
unassai lable  founda t ion ,  and that all const ruct ions  
ar ise  on  this  f o u n d a t i o n  f rom s imple  logical a rgu-  
ments .  The Weierstrass school took little interest  in 
geometry ,  but  at the t ime there  appeared  the book  of 
Pasch, that achieved for a large part of geomet ry  the 
same sor t  of jus t i f ica t ion  t h a t - - l a r g e l y  t h r o u g h  the 
efforts of Weie rs t rass - -had  been  achieved in analysis. 
The present  cri t ique of Weierstrass '  v i ewpoin t  is the 
following: (1) The natural  founda t ion  of analysis is 
g e o m e t r y .  In fact ,  the  a n a l y t i c  d e r i v a t i o n  of  the  
s implest  concepts of ana lys i s - - for  example,  the p rope r  
f r a c t i o n s - - f r o m  the whole  n u m b e r s  is artificial. (2) 
Arguments  in analysis are not  based on  simple logic 
alone. In fact, it is precisely in analysis that we re- 
qui re  complete i nduc t ion - - in fe rence  from n to n + 
1 - - fo r  every  theorem. The ancients  did not  formulate  
this procedure;  to some extent  they used  it uncon-  
sciously. Actually, its flawless formulat ion occasions 
great difficulties. One also used in analysis modes  of 
d e d u c t i o n  that  failed to be genera l ly  accepted after  
they had  been  fully unders tood .  Here I have in mind,  
in the first instance, the so-called axiom of choice, first 
clearly formulated by  Zermelo in 1904. (3) In o rder  to 
attain the alleged absolute cer ta inty it is necessary to 
establish the incontrover t ibi l i ty  of the assumptions .  In 
fact, as we ment ioned  above,  there are contradict ions 
in set theory  that, unfor tunate ly ,  have not  been  satis- 
factorily resolved. Thus there is no doub t  that it is 
necessary to develop the founda t ions  of analysis wi th  
greater  care. But even if this task is accompl ished 
satisfactorily, no modern  mathemat ic ian  will want  to 
claim that  no contradict ions will ever arise on this new 
foundat ion .  It was pr imari ly  Hilber t  wh o  clearly for- 
mula ted  and tackled the prob lem of giving a direct  
p roof  of consistency.  A complete  resolut ion of the 
issue is very  unlikely for a var ie ty  of reasons. I myself  
th ink  it may  be that the reason for this difficult state of 
affairs is that in the case of ve ry  general conceptual  
constructs  there arise contradic t ions  be tween  geom- 
e t r y - t h e  wor ld  of ex tens ive  m a g n i t u d e s - - a n d  the 
w o r l d  of c o u n t i n g ,  an d  tha t  a n a l y s i s - - t h e  b r i d g e  
be tween  the t wo - -w i l l  surely remain  complete ly  free 
of contradict ions as long as it is intui t ive,  that is, as its 
concepts  are at the same t ime intui t ive geometr ic  con- 
cepts. In this view, the true founda t ion  of mathemat -  
ics is not  the object of pure  though t  in Plato's beaut i ful  
be l i e f - - the  yo~-6v that, in his view, must  unde r  no 
c i r c u m s t a n c e s  be c o n f u s e d  w i t h  p e r c e p t i o n  the  
c ~ c r ~ c r ~ - - b u t  also the ordinary ,  if somewhat  ref ined,  
visual izat ion that the creator of the realm of ideas was 
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somewhat  con t emptuous  of. Earlier, one  regarded all 
of the ma thema t i c s - - the  basic theorems and the mode  
of reason ing- -as  logically necessary; mathemat ics  was 
unique .  Since the beg inn ing  of the 19th cen tury  it has 
become more and more apparent  that  different  sys- 
tems can be visual ized,  that, say, d i f ferent  types of 
spaces are compat ib le  wi th  experience.  This is not  to 
imply that the mathemat ic ian  can n o w  choose his as- 

It seems that it is no longer possible to consis- 
tently interpret physical  phenomena in a 
mathematical 4-dimensional space-time con- 
tinuum. 

sumpt ions  at will. Not  only is such arbi t rar iness  likely 
to result in deve lopment s  wi thout  beauty ,  bu t  it is also 
likely to lead to contradict ions  that make  all of the 
work an illusion. 

This somewhat  skeptical at t i tude of some modern  
mathemat ic ians  is re inforced by  what  is happen ing  in 
the ne ighbor ing  area of physics.  It seems that it is no 
longer  poss ib le  to cons i s t en t ly  i n t e r p r e t  phys ica l  
phe n omena  in a mathemat ical  4 -d imens iona l  space- 
t ime  c o n t i n u u m .  Unt i l  n o w  we have  b e e n  able to 
supply  physics wi th  somewhat  loosely buil t  scaffold- 
ings for its ever  bolder  constructions.  It may  now be 
abou t  to e m a n c i p a t e  i tself  f rom m a t h e m a t i c s  in its 
impor t an t  i nves t i ga t i ons  on the f ines t  s t ruc ture  of 
matter. 

The fundamental belief of every philosopher 
that  the wor ld  can be cons is ten t ly  com- 
prehended by human reason is now open to 
doubt. 

All this inclines some of us to greater  scepticism in 
more general ques t ions  as well. The fundamenta l  be- 
lief of every  ph i losopher  that the world  can be consis- 
tently c o m p r e h e n d e d  by  human  reason is now open  to 
doubt .  Beyond the ignorabimus, he no longer  strongly 
believes in man ' s  abili ty to br ing toge ther  different  
insights in a sat isfying harmony.  To be sure, this is 
not  an entirely original  atti tude. It r eminds  one of the 
v iew taken by  the late Eleatic ph i losophers  at the t ime 
of the foundat ional  crisis in ancient  Greece.  

This scepticism gives rise to certain res ignat ion,  a 
k ind of distrust  in man 's  intellectual power .  But quite 
apart  from the m o d e r n  deve lopments  just  described,  
this a t t i tude has a lways charac ter ized  the greatest  
mathemat ic ians .  For even  the grea tes t  researchers  
learn the sad t ru th  that  while they can discern an in- 
finity of new and beaut i ful  problems,  they  can only 
tackle the least of them.  Newton  put  it in these words:  

I do not know what I may appear to the world; but to 
myself I seem to have been only like a boy playing on the 
seashore, and diverting myself in now and then finding a 
smoother pebble or a prettier shell than ordinary, whilst the 
great ocean of truth lay all undiscovered before me. 

I should  like fur ther  to c o m m e n t  on wh y  it is that  
p roduc t ive  involvement  mus t  lead to just  such resig- 
nat ion.  To this end,  we mus t  look at the growth  of the 
ind iv idua l  mathematical  disciplines.  The dest inies  of 
different  branches  vary greatly. Consider ,  for exam- 
ple, projective geometry,  wh ich  may well have been  
t reated for the first t ime b y  Euclid in his lost work  on 
por isms,  and was extensively deve loped - - fo r  the most  
part  by  Pappus  of Alexandr ia - - in  the third cen tury  
A.D. It deals wi th  the remarkable  and beaut iful  p rop-  
erties of figures that remain  invar iant  under  projec- 
tion. But in ant iqui ty  the p rob lem was not  formula ted  
in full generality.  After the Renaissance,  when  interest  

One could almost say that after two thousand 
years of work the solution of problems in 
projective geometry was  virtually as trivial 
for a professional mathematician as the solu- 
tion of problems of counting with whole num- 
bers for a 10-year-old child. 

in project ive  geomet ry  was insp i red  by  the use of 
perspect ive  in paint ing,  the p rob lem was first t reated 
in typ ica l ly  m o d e r n  f a s h i o n  b y  the 17th c e n t u r y  
French geometer  Desargues (an architect by profes-  
s ion) .  P ro jec t ive  g e o m e t r y  c o n t i n u e d  to f l o u r i s h  
a n d - - a s  a result of a n u m b e r  of brill iant works  by  
French,  and later also German  ma themat i c i ans - -was  
b rough t  virtually to conclusion in the 19th century:  It 
was buil t  up  along canonical lines, and its p roblems  
were reduced  to algebraic problems  over  which  one 
had complete  mastery. One could almost say that after 
two thousand  years of work  the solut ion of p roblems  
in project ive geometry  was vir tual ly as trivial for a 
p ro fess iona l  ma thema t i c i an  as the solut ion of p rob-  
lems of count ing with whole  numbers  for a 10-year- 
old child. 

N o w  c o n s i d e r  a n o t h e r  b r a n c h  of m a t h e m a t i c s :  
n u m b e r  theory,  of which I said earlier that its first 
results date back to an ancient  past. A brilliant array of 
men,  such as Euclid, Diophan tus ,  Fermat, Euler, La- 
grange,  Gauss,  and Dirichlet,  have obta ined  results 
that will forever  delight all mathemat ic ians .  But al- 
most  all of these problems are isolated problems,  and 
o the r  v e ry  old, s imp le - look ing  p ro b l ems  r e m a i n e d  
unso lved .  For example ,  Eucl id  inves t iga ted  per fec t  
n u m b e r s - - t h a t  is, numbers  equal  to the sum of thei r  
divisors,  exemplif ied,  say, by  6 = 1 + 2 + 3 or 28 = 
1 + 2 + 4 + 7 + 14--and  p ro v ed  a remarkable result  
about  such numbers .  To this day, in spite of great  
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efforts, this result  is virtually all we k n o w  about  per- 
fect numbers .  Whe the r  there are inf ini te ly  m a n y  such 
number s  (we know just  12), and w h e t h e r  there exist 
odd  perfect n u m b e r s  are ques t ions  we cannot  even 
tackle. 

As the last case we consider  analysis situs or topol- 
ogy, the branch of mathemat ics  that deals wi th  the 
most  general proper t ies  of the shape of a figure. It 
was developed only  in the 19th century,  and largely 
t h rough  the work  of the G6t t ingen  ma thema t i c i an  
Riemann,  who ident i f ied  the topological core of many  
funct ion- theoret ic  quest ions.  At the end  of the 19th 
century  Henr i  Poincar6 gave topology ano ther  strong 
impulse.  At the present  t ime there appear  very  many  
topological papers ,  bu t  w h e n  it comes to fundamenta l  
problems we have hardly gone b e y o n d  Poincar6 or, 
strictly speaking,  R iemann- - th i s  in spite of the fact 
that such progress would  be of great significance for, 
among other  things,  the theory  of algebraic funct ions 
of two variables. Here  the failure is not  due  to the fact 
tha t - -as  in n u m b e r  t h e o r y - - t h e  problems  cannot  be 
tackled, but  to the fact that they are so intricate that 
the power  of the h u m a n  intellect, the abili ty to imag- 
ine different th ings  at the same time, is not  sufficient 
for mastery.  

I cou ld  c o n s i d e r  m a n y  d i s c i p l i n e s  f r o m  th i s  
v iewpoin t  but  I th ink  that the above examples illus- 
trate the three most  impor tan t  types: the discipline 
that reduces to triviality; the one that  is forever  hin- 
dered  in its deve lopmen t  and beset  on all sides wi th  

The last type inspires the feeling that mathe- 
matics develops like a tree. There is a limit to 
the growth of a tree, for the ability of the tree 
to transport nourishing substances from the 
earth to the crown does not extend to arbi- 
trary heights. 

seemingly unassailable problems;  and the one t h a t - -  
after a longer or shorter  per iod of d e v e l o p m e n t - - i s  
b rough t  to a halt by  the complexi ty  and difficulty of its 
problems.  The last type inspires the feeling that math-  
ematics develops  like a tree. There is a l imit to the 
growth  of a tree, for the ability of the tree to t ransport  
nour i sh ing  substances  from the ear th  to the crown 
does not  extend to arbi t rary  heights .  Similarly the 
cont inued  deve lopmen t  of a branch of mathemat ics  
require  connect ion  wi th  the g round  of in tui t ion,  and 
man 's  l imited intellectual power  sets a b o u n d a r y  on 
the distance be tween  abstraction and intui t ion.  No 
d e v e l o p m e n t  is poss ib le  b e y o n d  this  b o u n d .  But 
mode rn  mathemat ics  is certainly not  dead,  and some- 
one  may, and (we hope)  will, so s implify processes in, 
say, t opo logy- - tha t  is, p rovide  so much  shorter  a con- 
nect ion wi th  the g r o u n d - - t h a t  a new  deve lopment  

will begin.  This is the case, for example,  in projective 
geometry ,  which  could not  advance fur ther  by  means  
of the me thods  and ideas of ant iqui ty ,  bu t  en tered  an 
era of new deve lopment  t h rough  the brill iant ideas of 
Desargues  and, later, the mathematical  power  of the 
geometers  of the first half of the 19th century,  before  
r e a c h i n g  the conc lus ion  d e s c r i b e d  above .  Aga in ,  
h i ther to  unassailable problems  of n u m b e r  theory  are 

The progress of our discipline depends not on 
mass efforts, not on a flood of papers filled 
wi th  investigations of insignificant special 
cases or generalizations, but on individual 
creative achievements. 

be ing  solved as a result of the discovery of new con- 
nections.  We must  not be h a m p e r e d  by  resignat ion.  
On  the contrary,  we must  realize that the progress of 
science depends  not  on comfortable  p lodding  bu t  on 
perce iv ing  and forming new ideas. The progress of 
our  discipline depends  not  on mass efforts, not  on a 
flood of papers  filled wi th  invest igat ions  of insignifi-  
cant special cases or general izat ions,  but  on indiv idual  
creative achievements .  Such achievements  can hardly  
c o m e  a b o u t  in a f a c to ry - l i k e  se t t ing .  But if the  
mathemat ic ian  complains that mo d e rn  deve lopment  
has organized  even the pursu i t  of his o wn  science, 
t hen  he must ,  above all, tell himself:  mea maxima 
culpa. For it is th rough  mathemat ics  that man 's  con- 
structive power ,  that b rough t  forth the age of technol-  
ogy, first blossomed.  And  w h e n  he is gr ipped  by  de- 
spair  at the sight of the evil he has b rough t  about  he is 
saved, for the third time, by  resignat ion.  He is aware 
of the power  of man 's  though t  that  can penetrate  to the 
limits of the macrocosm and microcosm and back into 
the dep ths  of t ime; but  he also knows  that this ve ry  
same h u m a n  thought  is power less  to shape fate, that  it 
is just  a small force in a w o n d r o u s l y  contor ted devel- 
opment ,  a force that works bl indly  and has no access 
to the riddles of the future.  Such humil i ty  induces  
p ro found  religiosity in m a n y  mathematic ians .  In spite 
of the boldness  and acuteness of their  speculat ions,  it 
was espec ia l ly  m a r k e d  in Pascal,  N e w t o n ,  Euler ,  
Cauchy,  Gauss, and Riemann.  The trait of modes ty  is 
also fo u n d  in Euclid, the oldest  ma themat i c i an  of 
whose  character we have a descr ipt ion.  It is said of 
Euclid that  he was d i s t ingu i shed  by  mildness  and 
good will to all, and especially to those who  could in 
any way  enrich mathematics;  and though  he might  be 
stern, he was not  in the least quarre lsome,  and had no 
desire to claim anyth ing  for himself.  

I wish  to say that, contrary to a widespread  not ion,  
the mathemat ic ian  is not  an o therwor ld ly  eccentric; at 
any rate, he is not  eccentric because  of his science. He 
stands be tween  areas of s tudy,  especially be tween  the 
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. . .  c o n t r a r y  to a w i d e s p r e a d  n o t i o n ,  the 

ma thema t i c ian  is no t  an o therwor ld l y  eccen- 
tric; a t  any  rate; he is no t  eccentric because o f  

his science. 

humani t i e s  and  the natural  sciences, sphe res  that  un-  
for tunately are dis joint  in our  country.  His  m e t h o d  is 
only a part icularly dist inct  vers ion of the general  sci- 
entific method .  In v i ew  of the impor tance  of the pr in-  
ciple of the excluded middle ,  it is related to the juridi-  
cal method.  The object  of his research is more  spiri-  
tual than  that  of  the natural  scientist  and  more  sent ient  
than that  of the human i s t .  He  is l inked to the latter by  
the whole  h is tory  of his science, and  this has  in t imate  
connect ions  wi th  the his tory of ph i losophy .  Connec-  
tion with  the natural  sciences goes b e y o n d  the applica- 
t ions that  pe rmea te  all the exact natural  sciences.  The 
mathemat ic ian  k n o w s  that  he owes  to the natural  sci- 
ences  his m o s t  i m p o r t a n t  s t i m u l a t i o n s .  Thus  the 
me thod  of inf in i tes imals  that  so insp i red  L 'Hospi ta l ,  
and became a pillar of the inf in i tes imal  calculus,  arose 
out  of Gali leo's  a rduous  research on the decompos i -  
t ion of the mo t ion  of a projectile into m o t i ons  due to 
inertia and gravi ty  respectively.  Or  we  r e m e m b e r  pe-  
riodic series, r ight ly  n a m e d  for the phys ic i s t  Fourier  
and  directly related to all the impor t an t  extens ions  of 
analysis  in the 19th century.  

We have n o w  reached the end.  I dare  not  decide 
whe the r  the topic of m y  lecture was correctly chosen,  
that  is, whe the r  the ma themat i c i an  has  a certain spir-  
itual un iqueness  or should  be inc luded as a mere  vari-  
e ty  w i thou t  essen t ia l  d i s t inc t ion  in a m u c h  larger 
class. At any rate, let me  conclude wi th  a s u m m a r y  of 
the i m a g e  o b t a i n e d  in the course  of  o u r  cons id -  
erations.  At t imes  the ma themat i c i an  has  the pass ion  
of a poet  or a conqueror ,  the r igor of his a rgumen t s  is 
that  of a respons ib le  s ta tesman or, more  s imply ,  of a 
concerned father,  and  his tolerance and  res ignat ion  
are those of an old sage; he is r evo lu t ionary  and  con- 
servative,  sceptical and  yet  faithfully opt imis t ic .  These 
quali t ies do s o m e t i m e s  appea r  together  in one  person,  
bu t  if you  f ind  t h e m  s o m e w h a t  c o n t r a d i c t o r y  re- 
m e m b e r  wha t  C. F. Mayer  makes  Ulrich von  Hu t t en  
say, and what  the ma themat i c i an  m a y  claim for h im-  
self: 

Ich bin kein ausgekl~igelt Buch, 
Ich bin ein Mensch mit seinem Widerpruch. 

(I am not a cont r ived  book,  but  a h u m a n  be ing  wi th  all 
its contradict ions) .  

Abe Shenitzer 
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York University 
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Edited by Gary Cornell 

Erd6s  once r e m a r k e d  tha t  eve ry  t heo rem has  at 
least  one  " r i g h t "  proof.  Th is  p roof  would  be  suf-  
f iciently elegant  so as to str ike some  respons ive  chord,  
whi le  r e m a i n i n g  short  e n o u g h  to be easily c o m p r e -  
hens ib le .  It migh t  even force a smile. This  co lumn will 
t ry to p resen t  such proofs.  It will appea r  irregularly;  as 
often as mater ial  presents  itself. 

A n y o n e  k n o w i n g  a p roof  of a result that  fulfills the 
above  (admit tedly  vague)  cri teria is u rged  to s u b m i t  
it to: 

Gary  Cornell  
D e p a r t m e n t  of Mathemat ics  
Un ive r s i ty  of Connect icut  
Storrs,  Connect icut  06268 

Credi t  for the following p roof  is uncer ta in  it is pos-  
sibly due  to Erdos. This par t icular  vers ion was  t rans-  
mi t ted  to The Intelligencer b y  Mar ty  Isaacs. 

T H M  (Sylvester).  Let S be  a finite set of po in ts  in a 
plane such that  every  line wh ich  meets  two po in t s  of 
S, mee t s  a third point .  Then  S is colinear. 

Proof. If not,  let L be the set of  all lines de t e rmined  b y  
pairs  of po in ts  of S. Some po in t  of S is not on some  
line of L so choose XGS and  4ff_L ~vith X not on 4 and  
the d is tance  f rom X to 4 as small as possible.  (By fi- 
n i teness  of S and L.) 

X 

A B C 

N o w  4 conta ins  two, hence three  points  of S, say A, B, 
C. Two of these mus t  lie on the same side of the foot of 
the pe rpend icu la r  from X to 4. (A and B in the dia-  
gram.  We allow one of these to be the foot of the per -  
pendicular . )  N o w  in the d iagram,  the distance f rom 
poin t  B to line AX is less than  the dis tance f rom X to 4. 
This  is a contradict ion.  
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